
Int J Theor Phys (2007) 46: 3135–3149
DOI 10.1007/s10773-007-9428-9

The Wigner Function and the Husimi Function
of the One- and Two-Mode Combination Squeezed State

Qin Guo

Published online: 6 June 2007
© Springer Science+Business Media, LLC 2007

Abstract In this paper we study the character of the Wigner function and Husimi function of
the one- and two mode combining squeezed state (OTCSS) on the basis of plotting the three
dimensional graphics of the Wigner function and Husimi function. It is easy to calculate
the Husimi function of the OTCSS in entangled two-mode state by virtue of the formula
of entangled two-mode Husimi operator: Δh(σ, γ ;κ) = |σ,γ 〉κκ〈σ,γ | (Fan, H.-Y., Guo, Q.
in Phys. Lett. A 358:203–210, 2006). It is clearly found that the evolution law of Husimi
function of OTCSS is different from the Wigner function.

Keywords One- and two mode combining squeezed state (OTCSS) · Wigner function ·
Husimi function

1 Introduction

The squeezed states [1–6] of light play the important role in quantum optics and in potential
applications to gravitational-wave detectors. Formally, these states are generated from the
coherent state by appropriate squeezing operators. Such as the one-mode squeezing trans-
formation

a → a coshλ − a†eiθ sinhλ (1)

and two-mode squeezing transformation

a → a coshλ − eiθb† sinhλ, b → b coshλ − eiθa† sinhλ, (2)
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where a†(a) and b†(b) are creation (annihilation) operators of two-mode harmonic oscilla-
tors. In Ref. [7] the one- and two-mode combination squeezing transformation

a → a′ = a coshλ + sinhλ(b sinh r − b† cosh r),

b → b′ = b coshλ + sinhλ(−a sinh r − a† cosh r),
(3)

is discussed by virtue of the technique of integration within an ordered product (IWOP)
[8–13]. It is a significative thing to study the characters of the one- and two-mode com-
bination squeezed state (OTCSS), which is a more general type of squeezed state. Wigner
function [14] and Husimi function [15] in phase space have been the important statistical
methods for studying fields in quantum optics. In this paper we shall derive Wigner function
and Husimi function of the OTCSS. Theoretical calculation and analysis on this topic will
put forward a reference and comparison to the experimental measurement. In Sect. 2 we
briefly introduce the character of the one- and two-mode combination squeezing transfor-
mation operator U , in Sect. 3 we calculate the Wigner function of OTCSS, in Sect. 4 we
obtain the marginal distribution of Wigner operator in the OTCSS and then we plot the three
dimensional graphics of the Wigner function WOT in Sect. 5. In Sect. 6 we calculate the
Husimi function of OTCSS, and plot the three dimensional graphics of the Husimi function
HOT in Sect. 7. In so doing the physical significance of the Wigner function and the Husimi
function of the OTCSS is revealed completely.

2 The One- and Two-Mode Combination Squeezing Transformation Operator U

The one- and two-mode combination squeezing transformation (3) is equivalent to the fol-
lowing unitary transformation U ,

Q1 → Q′
1 = UQ1U

−1 = Q1 coshλ − Q2e
−r sinhλ,

Q2 → Q′
2 = UQ2U

−1 = Q2 coshλ − Q1e
r sinhλ,

P1 → P ′
1 = UP1U

−1 = P1 coshλ + P2e
r sinhλ,

P2 → P ′
2 = UP2U

−1 = P2 coshλ + P1e
−r sinhλ,

(4)

where U is called one- and two-mode combination squeezing transformation operator. Ac-
cordingly, under the same transformation the base vector must so behave

U |q1, q2〉 = |q1 coshλ + q2e
−r sinhλ,q2 coshλ + q1e

r sinhλ〉 ≡ |q1, q2〉′ (5)

as to keep the eigenvalues invariant; e.g.,

(Q1 coshλ − Q2e
−r sinhλ)|q1, q2〉′ = q1|q1, q2〉′,

(Q2 coshλ − Q1e
r sinhλ)|q1, q2〉′ = q2|q1, q2〉′. (6)

Combing (5) and
∫∫ ∞

−∞ dq1dq2|q1, q2〉〈q1, q2| = 1, we identify U with the following coordi-
nate representation,

U =
∫ ∫ ∞

−∞
dq1dq2|q1 coshλ + q2e

−r sinhλ,q2 coshλ + q1e
r sinhλ〉〈q1, q2|

=
∫ ∫ ∞

−∞
dq1dq2

∣
∣
∣
∣R

[
q1

q2

]〉〈[
q1

q2

]∣
∣
∣
∣ ≡ U(R), (7)
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R =
[

coshλ e−r sinhλ

er sinhλ coshλ

]

,

∣
∣
∣
∣

[
q1

q2

]〉

≡ |q1, q2〉, detR = 1,

where λ and r are real, U is unitary

U †U =
∫ ∫ ∞

−∞
dq1dq2

∣
∣
∣
∣R

[
q1

q2

]〉〈

R

[
q1

q2

]∣
∣
∣
∣ = 1 = UU †.

3 The Wigner Function of the One- and Two-Mode Combination Squeezed State

Applying the one- and two-mode combination squeezing operator U

U =
∫ ∫ ∞

−∞
dq1dq2|q1 coshλ + e−rq2 sinhλ,q2 coshλ + erq1 sinhλ〉〈q1, q2| (8)

on the two-mode vacuum state |00〉, we obtain U |00〉, which is called the one- and two-mode
combination squeezed state (OTCSS). According to the definition of Wigner operator:

Δ(p,q) =
∫ ∞

−∞

du

2π
eipu

∣
∣
∣
∣q + u

2

〉〈

q − u

2

∣
∣
∣
∣, (9)

we have

Δ(p1, q1)Δ(p2, q2)

=
∫ ∞

−∞

du

2π
eip1u

∫ ∞

−∞

du′

2π
eip2u′

∣
∣
∣
∣q1 + u

2
, q2 + u′

2

〉〈

q1 − u

2
, q2 − u′

2

∣
∣
∣
∣. (10)

Then the Wigner function of the OTCSS can be gotten through the following calculation,

WOT = 〈ψ |Δ(p1, q1)Δ(p2, q2)|ψ〉
= 〈00|U−1Δ(p1, q1)Δ(p2, q2)U |00〉

=
∫ ∫ ∞

−∞
dq ′′

1 dq ′′
2 〈00||q ′′

1 , q ′′
2 〉〈q ′′

1 coshλ + e−rq ′′
2 sinhλ,q ′′

2 coshλ + erq ′′
1 sinhλ|

×
∫ ∞

−∞

du

2π
eip1u

∣
∣
∣
∣q1 + u

2

〉〈

q1 − u

2

∣
∣
∣
∣

∫ ∞

−∞

du′

2π
eip2u′

∣
∣
∣
∣q2 + u′

2

〉〈

q2 − u′

2

∣
∣
∣
∣

×
∫ ∫ ∞

−∞
dq ′

1dq ′
2|q ′

1 coshλ + e−rq ′
2 sinhλ,q ′

2 coshλ + erq ′
1 sinhλ〉〈q ′

1, q
′
2||00〉

= 1

4π2

∫ ∫ ∞

−∞
eip1ueip2u′

dudu′
∫ ∫ ∞

−∞
dq ′′

1 dq ′′
2

∫ ∫ ∞

−∞
dq ′

1dq ′
2〈00||q ′′

1 , q ′′
2 〉〈q ′

1, q
′
2||00〉

× 〈q ′′
1 coshλ + e−rq ′′

2 sinhλ,q ′′
2 coshλ + erq ′′

1 sinhλ|
∣
∣
∣
∣q1 + u

2
, q2 + u′

2

〉

×
〈

q1 − u

2
, q2 − u′

2

∣
∣
∣
∣|q ′

1 coshλ + e−rq ′
2 sinhλ,q ′

2 coshλ + erq ′
1 sinhλ〉, (11)
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where |ψ〉 is U |00〉. Substituting the orthonormal relation between the coordinate eigen-
states |q〉

〈q ′|q〉 = δ(q ′ − q) (12)

into (11), we have

〈ψ |Δ(p1, q1)Δ(p2, q2)|ψ〉

= 1

4π2

∫ ∫ ∞

−∞
eip1ueip2u′

dudu′
∫ ∫ ∞

−∞
dq ′′

1 dq ′′
2

×
∫ ∫ ∞

−∞
dq ′

1dq ′
2

1

π
exp

(

−q ′′2
1 + q ′′2

2

2

)

exp

(

−q ′2
1 + q ′2

2

2

)

× δ

(

q ′′
1 coshλ + e−rq ′′

2 sinhλ − q1 − u

2

)

δ

(

q ′′
2 coshλ + erq ′′

1 sinhλ − q2 − u′

2

)

× δ

(

q1 − u

2
− q ′

1 coshλ − e−rq ′
2 sinhλ

)

δ

(

q2 − u′

2
− q ′

2 coshλ − erq ′
1 sinhλ

)

. (13)

After integrating over q ′′
1 , q ′′

2 , q ′
1, q

′
2 respectively, we obtain the following compact result.

〈00|U−1Δ(p1, q1)Δ(p2, q2)U |00〉

= 1

4π3

∫ ∫ ∞

−∞
dudu′ exp

[

−q2
1L1 − u2

4
L1 − q2

2L2 − u′2

4
L2 + uu′L3

+ 4q1q2L3 + ip1u + ip2u
′
]

, (14)

where L1,L2 and L3 are:

L1 ≡ cosh2 λ + sinh2 λe2r ,

L2 ≡ cosh2 λ + sinh2 λe−2r ,

L3 ≡ coshλ sinhλ cosh r.

(15)

Then integrating (14) over u and u′, we obtain the Wigner function of the OTCSS

WOT = 〈00|U−1Δ(p1, q1)Δ(p2, q2)U |00〉
= 1

π2
√

L1L2 − 4L2
3

× exp

[

− 1

L1L2 − 4L2
3

(L1p
2
2 + L2p

2
1 + 4p1p2L3) − (q2

1L1 + q2
2L2 − 4q1q2L3)

]

.

(16)
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4 The Marginal Distribution of Wigner Operator in the One- and Two-Mode
Combination Squeezed State

Among various phase space distributions the Wigner function is the most popularly used,
since its two marginal distributions lead to measuring probability density in coordinate space
and momentum space respectively. So we calculate the marginal distribution of Wigner
operator in the OTCSS. The marginal distribution of Wigner function in the coordinate
“q-direction” is

Wq =
∫ ∫ ∞

−∞
dp1dp2WOT = 〈00|U−1

∫ ∫ ∞

−∞
dp1dp2Δ(p1, q1)Δ(p2, q2)U |00〉

= 1

π2

1
√

L1L2 − 4L2
3

∫ ∫ ∞

−∞
dp1dp2

× exp

[

− 1

L1L2 − 4L2
3

(L1p
2
2 + L2p

2
1 + 4p1p2L3) − (q2

1L1 + q2
2L2 − 4q1q2L3)

]

= 1

π
exp[−(q2

1L1 + q2
2L2 − 4q1q2L3)]. (17)

The marginal distribution of Wigner function in the coordinate “p-direction” is

Wp =
∫ ∫ ∞

−∞
dq1dq2WOT = 〈00|U−1

∫ ∫ ∞

−∞
dq1dq2Δ(p1, q1)Δ(p2, q2)U |00〉

= 1

π2

1
√

L1L2 − 4L2
3

∫ ∫ ∞

−∞
dq1dq2

× exp

[

− 1

L1L2 − 4L2
3

(L1p
2
2 + L2p

2
1 + 4p1p2L3) − (q2

1L1 + q2
2L2 − 4q1q2L3)

]

= 1

π

1

L1L2 − 4L2
3

exp

[

− 1

L1L2 − 4L2
3

(L1p
2
2 + L2p

2
1 + 4p1p2L3)

]

. (18)

5 The Three-Dimensional Graphics of the Wigner Function WOT

In order to study the Wigner function distribution of the one- and two-mode combination
squeezed state, We have plot the three-dimensional graphics of the Wigner function WOT .
For there are four variables q1,p1, q2,p2 in the formula of the Wigner function WOT , we let
q2,p2 take some definite value at first and study the distribution law of the Wigner function
WOT varying with the variables q1,p1. Then we let q1,p1 take some definite value and study
the distribution law of the Wigner function WOT varying with the variables q2,p2. In the
following discussion, we also study the influence of the squeezing parameter λ and the one-
and two-mode combining parameter r on the Wigner function WOT .

First let’s study the influence of the squeezing parameter λ on the Wigner function dis-
tribution. In Fig. 1, we have plotted the three dimensional graphics of the Wigner func-
tion varying with the variables q1,p1 (W(q1,p1)) for different value of λ while r = 0 and
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Fig. 1 The Wigner function of the OTCSS for q2 = 0, p2 = 0, r = 0 and different value of the squeezing
parameter λ: (a) λ = 0, (b) λ = 0.5, (c) λ = 1

q2 = 0, p2 = 0. When λ = 0 and r = 0, q2 = 0, p2 = 0 (Fig. 1(a)), the Wigner func-
tion (W(q1,p1)) is a round hill located at (q1 = 0, p1 = 0), which is just the Wigner
function (Wvac) of the vacuum state. When λ = 0, we have: L1 = L2 = 1, L3 = 0, so
WOT |λ=0 = 1

π2 exp[−p2
1 −q2

1 −p2
2 −q2

2 ] = Wvac, it is a special case of the Wigner function of
the OTCSS. In the case of r = 0, λ �= 0 (see Fig. 1(b),(c)), W(q1,p1) is the Wigner function
of the two-mode squeezed state. Because when r = 0, the one- and two-mode combination
squeezing transformation

a → a′ = a coshλ + sinhλ(b sinh r − b† cosh r)
r=0= a coshλ − sinhλb†,

b → b′ = b coshλ + sinhλ(−a sinh r − a† cosh r)
r=0= b coshλ − sinhλa†

become the two-mode squeezing transformation. Comparing with Fig. 1(c) and Fig. 1(b), we
find that with the increasing of the squeezing parameter λ, the Wigner function is becoming
steeper. It shows that the squeezing parameter influence the distribution scope of the Wigner
function; the bigger the value of the squeezing parameter, the more narrow the distribution
scope is.

In Fig. 2, we have plotted the three dimensional graphics of the Wigner function
W(q1,p1) varying with the variables q1,p1 for different value of parameter λ while r = 1
and q2 = 0, p2 = 0. In the case of r �= 0 and λ �= 0, W(q1,p1) is the Wigner function of
the OTCSS. Comparing with Fig. 2(a) (r = 1, λ = 0.5) and Fig. 1(b) (r = 0, λ = 0.5), we
clearly see that the plot along q-axis direction is squeezed under the action of the one- and
two-mode combining parameter r (see Fig. 2(a)). Comparing with the three plots in Fig. 2,
we find that as the value of squeezing parameter λ increasing, the squeezing degree of whole
plot get deeper. Not only the distribution scope of the Wigner function become more narrow
but also the peak value become lower.

Next let’s discuss the influence of the one- and two-mode combining parameter r on the
Wigner function distribution. In Fig. 3, we have plotted the three dimensional graphics of the
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Fig. 2 The Wigner function of the OTCSS for q2 = 0, p2 = 0, r = 1 and different value of the squeezing
parameters λ: (a) λ = 0.5, (b) λ = 1, (c) λ = 2

Fig. 3 The Wigner function of the OTCSS for q2 = 0, p2 = 0, λ = 0.8 and different value of r : (a) r = 0.6,
(b) r = 1.4, (c) r = 2.0

Wigner function W(q1,p1) varying with the variables q1,p1 for different value of parameter
r while λ = 0.8 and q2 = 0, p2 = 0. Comparing with the three plots in Fig. 3, we find that
with the increasing of the value of parameter r , the squeezing degree of the plot along q-axis
direction get deeper, while the plot along p-axis direction is not squeezed.

In Fig. 4 and Fig. 5, we study the influence of different value of q2 and p2 on the Wigner
function W(q1,p1). In Fig. 4, we can see that when we maintain the value of r , λ, p2, and
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Fig. 4 The Wigner function of the OTCSS for p2 = 0, r = 1, λ = 0.5 and different value of q2: (a) q2 = 0,
(b) q2 = 1.5, (c) q2 = 2.5

Fig. 5 The Wigner function of the OTCSS for q2 = 0, r = 1, λ = 0.5 and different value of p2: (a) p2 = 0,
(b) p2 = 0.5, (c) p2 = 1.5

take q2 = 0,1.5,2.5 respectively, the wave crest move apart from the center and toward the
positive direction of coordinate q1 and the height of the hill are declining simultaneously.
In Fig. 5, we can see that when we maintain the value of r , λ, q2, and take p2 = 0,0.5,1.5
respectively, the wave crest moves apart from the center and toward the negative direction
of p1 and the height of the hill is declining simultaneously.
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Fig. 6 The Wigner function of the OTCSS for q1 = 0, p1 = 0, λ = 0.8 and different value of r : (a) r = 0.6,
(b) r = 1.4, (c) r = 2.0

Fig. 7 The Wigner function of the OTCSS for p1 = 0, r = 1, λ = 0.5 and different value of q1: (a) q1 = 0,
(b) q1 = 0.5, (c) q1 = 1.5

We also plot the three dimensional graphics of the Wigner function varying with the vari-
ables q2,p2 (W(q2,p2)), which can be seen in Fig. 6 and Fig. 7. The influence of squeezing
parameter λ on the Wigner function W(q2,p2) is similar with W(q1,p1). The difference be-
tween W(q2,p2) and W(q1,p1) lie in the squeezing direction of the plot. We clearly see that
the plot (W(q2,p2)) along p-axis direction is squeezed when r �= 0 and λ �= 0 (see Fig. 6
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and Fig. 7), while the plot (W(q1,p1)) along q-axis direction is squeezed when r �= 0 and
λ �= 0 (see Figs. 2, 3, 4, 5).

In Fig. 6, we have plotted the three dimensional graphics of W(q2,p2) varying with the
variables q2,p2 for different value of r while λ = 0.8 and q1 = 0, p1 = 0. Comparing with
the three plots in Fig. 6, we find that as the value of r is increasing, the squeezing degree
of the plot along p-axis direction get deeper, while the plot along q-axis direction is not
squeezed; which is different with the evolution rule of W(q1,p1) (see Fig. 3).

In Fig. 7, we have plotted the three dimensional graphics of W(q2,p2) varying with the
variables q2,p2 for different value of q1 while r = 1, λ = 0.5, and p1 = 0. We can see that
when we maintain the value of r , λ, p1, and take q1 = 0,0.5,1.5 respectively, the hill move
apart from the center and toward the positive direction of coordinate q2 and the height of the
hill is declining simultaneously. Comparing with Fig. 7 and Fig. 5, it is interesting to find
that the evolution rule of W(q2,p2) under the different value of coordinate q1 (see Fig. 7) is
similar with one of W(q1,p1) under the different value of momentum p2 (see Fig. 5). We
can also find this same interesting phenomena in the evolution rule of W(q2,p2) under the
different value of momentum p1 (which is not listed in this paper) and W(q1,p1) under the
different value of coordinate q2 (see Fig. 4).

6 The Husimi Function of the One- and Two-Mode Combination Squeezed State

In one-mode case, the Husimi distribution function Fh(q,p, κ) is defined in a manner that it
is smoothing out the Wigner function Fw(q,p) by averaging over a “coarse graining” func-

tion exp[−κ|q ′ −q|2 − |p′−p|2
κ

] [16], where κ is the Gaussian spatial width parameter, which
is free to be chosen and which determines the relative resolution in p-space versus q-space.
In two-mode case, we have defined the entangled two-mode Husimi operator Δh(σ, γ ;κ)

by smoothing out the entangled Wigner operator Δw(σ ′, γ ′) by averaging over a “coarse

graining” function exp[−κ|σ ′ − σ |2 − |γ ′−γ |2
κ

] [17],

Δh(σ, γ ;κ) = 4
∫

d2σ ′d2γ ′Δw(σ ′, γ ′) exp

[

−κ|σ ′ − σ |2 − |γ ′ − γ |2
κ

]

= |σ,γ 〉κκ〈σ,γ |. (19)

Now we study the Husimi function of the OTCSS(HOT) in two-mode entangled state, it
can be calculated by the following formula:

HOT = 〈Ψ |Δh(σ, γ ;κ)|Ψ 〉 = 〈00|U−1|Δh(σ, γ ;κ)|U |00〉, (20)

where |Ψ 〉 = U |00〉 is the OTCSS. Thus

HOT = 〈00|U−1|Δh(σ, γ ;κ)|U |00〉 = 〈00|U−1||σ,γ 〉κκ 〈σ,γ ||U |00〉
= |κ〈σ,γ |U |00〉|2. (21)

Now let we calculate κ〈σ,γ |U |00〉. In reference [17] we have defined the two-mode
squeezed coherent state,

|σ,γ 〉κ = S2(1/
√

κ)D1(ε1)D2(ε2)|00〉, (22)
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where S2(
√

κ) = e(a1a2−a
†
1a

†
2 ) ln

√
κ is the two-mode squeezing operator [18–22], Di(εi) =

exp[εia
†
i − ε∗

i ai]|0〉i is the displacement operator, where

ε1 = γ /
√

κ + √
κσ

2
, ε2 = γ ∗/

√
κ − √

κσ ∗

2
. (23)

Substituting (22) and the expression of U (7) into (κ〈σ,γ |U |00〉), we obtain:

κ〈σ,γ |U |00〉 = 〈00|D†
1(ε1)D

†
2(ε2)S

†
2 (1/

√
κ)

∫ ∫ ∞

−∞
dq1dq2|q ′

1, q
′
2〉〈q1, q2||00〉 (24)

where

q ′
1 = q1 coshλ + q2e

−r sinhλ,q ′
2 = q2 coshλ + q1e

r sinhλ. (25)

Notice

〈00|D†
1(ε1)D

†
2(ε2) = 〈ε1, ε2|, 〈q1, q2|00〉 = π− 1

2 exp

(

−1

2
q2

1 − 1

2
q2

2

)

(26)

and

S
†
2 (1/

√
κ) =

∫ ∫ ∞

−∞
dq ′′

1 dq ′′
2 |q ′′

1 coshλ + q ′′
2 sinhλ,q ′′

1 sinhλ + q ′′
2 coshλ〉〈q ′′

1 , q ′′
2 |,

λ = 1/
√

κ,

S
†
2 (1/

√
κ)|q ′

1, q
′
2〉 = |q ′

1 coshλ + q ′
2 sinhλ,q ′

1 sinhλ + q ′
2 coshλ〉

(27)

we have

κ〈σ,γ |U |00〉 =
∫ ∫ ∞

−∞
dq1dq2π

− 1
2 exp

(

−1

2
q2

1 − 1

2
q2

2

)

× 〈ε1, ε2||q ′
1 coshλ + q ′

2 sinhλ,q ′
1 sinhλ + q ′

2 coshλ〉. (28)

Using the following formulas [23],

〈q|z〉 = π− 1
4 exp

{

−q2

2
− |z|2

2
+ √

2qz − z2

2

}

,

〈z|q〉 = π− 1
4 exp

{

−q2

2
− |z|2

2
+ √

2qz∗ − z∗2

2

}

,

(29)

we obtain

〈ε1, ε2||q ′
1 coshλ + q ′

2 sinhλ,q ′
1 sinhλ + q ′

2 coshλ〉

= π− 1
2 exp

{

− (q ′
1 coshλ + q ′

2 sinhλ)2

2
− |ε1|2

2
+ √

2(q ′
1 coshλ + q ′

2 sinhλ)ε∗
1 − ε∗2

1

2

}

× exp

{

− (q ′
1 sinhλ + q ′

2 coshλ)2

2
− |ε2|2

2
+ √

2(q ′
1 sinhλ + q ′

2 coshλ)ε∗
2 − ε∗2

2

2

}

.

(30)
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Noting q ′
1, q ′

2 is related with q1 and q2, see (25), then

〈ε1, ε2||q ′
1 coshλ + q ′

2 sinhλ,q ′
1 sinhλ + q ′

2 coshλ〉

= π− 1
2 exp

{

−1

2
[q1L1 + q2L2]2 − |ε1|2

2
+ √

2[q1L1 + q2L2]ε∗
1 − ε∗2

1

2

}

× exp

{

−1

2
[q1L

′
2 + q2L

′
1]2 − |ε2|2

2
+ √

2[q1L
′
2 + q2L

′
1]ε∗

2 − ε∗2
2

2

}

, (31)

where

L1 = cosh2 λ + er sinh2 λ, L2 = (e−r + 1) sinhλ coshλ,

L′
1 = cosh2 λ + e−r sinh2 λ, L′

2 = (er + 1) sinhλ coshλ.
(32)

Substituting (31) into (28), we have

κ〈σ,γ |U |00〉 = π−1
∫ ∫ ∞

−∞
dq1dq2 exp

{

−1

2
q2

1 (1 + L2
1 + L′2

2 ) − 1

2
q2

2 (1 + L2
2 + L′2

1 )

− q1q2(L1L2 + L′
2L

′
1) + √

2q1(L1ε
∗
1 + L′

2ε
∗
2) + √

2q2(L2ε
∗
1 + L′

1ε
∗
2)

− |ε1|2 + |ε2|2 + ε∗2
1 + ε∗2

2

2

}

= 2√
A1

exp

[

ε∗2
1

(
B2

1

CA1
+ L2

1

C
− 1

2

)

+ ε∗2
2

(
B2

2

CA1
+ L′2

2

C
− 1

2

)

+ 2ε∗
1ε

∗
2

(
B1B2

CA1
+ L1L

′
2

C

)]

exp

(

−|ε1|2 + |ε2|2
2

)

, (33)

where

(1 + L2
1 + L′2

2 ) ≡ C, 1 + L2
2 + L′2

1 + L2
1 + L′2

2 + (L1L
′
1 − L2L

′
2)

2 ≡ A1,

(L2 + L2L
′2
2 − L1L

′
2L

′
1) ≡ B1, (L′

1 + L′
1L

2
1 − L′

2L1L2) ≡ B2.
(34)

Thus we obtain the Husimi function of OTCSS.

HOT = |κ〈σ,γ |U |00〉|2

= 4

|A1|
∣
∣
∣
∣exp

[

ε∗2
1

(
B2

1

CA1
+ L2

1

C
− 1

2

)

+ ε∗2
2

(
B2

2

CA1
+ L′2

2

C
− 1

2

)

+ 2ε∗
1ε

∗
2

(
B1B2

CA1
+ L1L

′
2

C

)]∣
∣
∣
∣

2

exp[−(|ε1|2 + |ε2|2)]. (35)

7 The Three-Dimensional Graphics of the Husimi Function HOT

Considering that ε1 and ε2 are complex number, we let

γ = γ1 + iγ2, σ = σ1 + iσ2,

ε1 = γ /
√

κ+√
κσ

2 = x1 + iy1, ε2 = γ ∗/
√

κ − √
κσ ∗

2
= x2 + iy2,

(36)
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Fig. 8 The Husimi function of the OTCSS for γ2 = 0, σ2 = 0, κ = 1 and different value of r : (a) r = π/6,
(b) r = π/3

where

x1 = 1

2

(

γ1λ + σ1

λ

)

, y1 = 1

2

(

γ2λ + σ2

λ

)

,

x2 = 1

2

(

γ1λ − σ1

λ

)

, y2 = −1

2

(

γ2λ − σ2

λ

)

,

(37)

then

HOT = 4

A1
exp

[

2(x2
1 − y2

1 )

(
B2

1

CA1
+ L2

1

C

)

+ 2(x2
2 − y2

2 )

(
B2

2

CA1
+ L′2

2

C

)

+ 4(x1x2 − y1y2)

(
B1B2

CA1
+ L1L

′
2

C

)

− 2(x2
1 + x2

2 )

]

. (38)

Now we can plot the three-dimensional graphics of the Husimi function HOT on the
base of (38). From Fig. 8 and Fig. 9, we find that the plots of the Husimi function are
different with the plots of the Wigner function because of the influence of the term (“coarse

graining” function) exp[−κ|σ ′ − σ |2 − |γ ′−γ |2
κ

]. In Fig. 8 we plot the Husimi function of
the OTCSS(H(γ1, σ1)) for γ2 = 0, σ2 = 0, κ = 1 and r = π/6,π/3 respectively. Comparing
with Fig. 8(a) and (b), parameter r doesn’t influence the conformation of the figure except
the value of H(γ1, σ1), which is different from the Wigner function case. In Fig. 9 we plot
the Husimi function of the OTCSS(H(γ1, σ1)) for γ2 = 0, σ2 = 0, r = 0.1 and κ = 10,1
respectively. We find that with the squeezing parameter λ increasing, the peak value of the
Husimi function of the OTCSS increase and the plot along σ1 direction is squeezed, which
is different from the Wigner function case.

In order to study the evolution law of the Husimi function more generally, we plot the two
dimensional graphics of HOT in Fig. 10. In Fig. 10(a) we study the law of Husimi function
H(κ) varying with parameter κ . We find that the value of H(κ) increase with the value of
κ and tend to steady in the end. In Fig. 10(b) we study the law of Husimi function H(r)

varying with parameter r . We find that the value of H(r) decrease with parameter r and
tend to zero in the end.

In summary, we calculate the Wigner function and Husimi function of the OTCSS and
study their evolution law in this paper. We find that it is easy to calculate the Husimi function
by virtue of the entangled two-mode Husimi operator Δh(σ, γ ;κ) = |σ,γ 〉κκ〈σ,γ |, which

is presented in paper [17]. Owing to the existence of the term exp[−κ|σ ′ − σ |2 − |γ ′−γ |2
κ

]
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Fig. 9 The Husimi function of the OTCSS for γ2 = 0, σ2 = 0, r = 0.1 and different value of κ : (a) κ = 10,
(b) κ = 1

Fig. 10 a The Husimi function of the OTCSS varying with κ for γ1 = 0, σ1 = 0, γ2 = 0, σ2 = 0, r = 0.1.
b The Husimi function of the OTCSS varying with r for γ1 = 0, σ1 = 0, γ2 = 0, σ2 = 0, κ = 1

in Husimi operator, the evolution law of the Husimi function is different from that of the
Wigner function.
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