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Abstract In this paper we study the character of the Wigner function and Husimi function of
the one- and two mode combining squeezed state (OTCSS) on the basis of plotting the three
dimensional graphics of the Wigner function and Husimi function. It is easy to calculate
the Husimi function of the OTCSS in entangled two-mode state by virtue of the formula
of entangled two-mode Husimi operator: A, (o, ¥; k) = |0, ¥ )« (0, y| (Fan, H.-Y., Guo, Q.
in Phys. Lett. A 358:203-210, 2006). It is clearly found that the evolution law of Husimi
function of OTCSS is different from the Wigner function.

Keywords One- and two mode combining squeezed state (OTCSS) - Wigner function -
Husimi function

1 Introduction

The squeezed states [1-6] of light play the important role in quantum optics and in potential
applications to gravitational-wave detectors. Formally, these states are generated from the
coherent state by appropriate squeezing operators. Such as the one-mode squeezing trans-
formation

a — acoshi —a'e’’ sinh A (D)

and two-mode squeezing transformation

a — acoshA — ebT sinh A, b — bcoshi — e?af sinh A, )
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where a'(a) and b'(b) are creation (annihilation) operators of two-mode harmonic oscilla-
tors. In Ref. [7] the one- and two-mode combination squeezing transformation

a — a’ =acoshA + sinh A(bsinhr — b coshr),

b — b’ =bcosh X + sinh A(—asinhr — a’ coshr), 3
is discussed by virtue of the technique of integration within an ordered product (IWOP)
[8-13]. It is a significative thing to study the characters of the one- and two-mode com-
bination squeezed state (OTCSS), which is a more general type of squeezed state. Wigner
function [14] and Husimi function [15] in phase space have been the important statistical
methods for studying fields in quantum optics. In this paper we shall derive Wigner function
and Husimi function of the OTCSS. Theoretical calculation and analysis on this topic will
put forward a reference and comparison to the experimental measurement. In Sect. 2 we
briefly introduce the character of the one- and two-mode combination squeezing transfor-
mation operator U, in Sect. 3 we calculate the Wigner function of OTCSS, in Sect. 4 we
obtain the marginal distribution of Wigner operator in the OTCSS and then we plot the three
dimensional graphics of the Wigner function Wyr in Sect. 5. In Sect. 6 we calculate the
Husimi function of OTCSS, and plot the three dimensional graphics of the Husimi function
Hor in Sect. 7. In so doing the physical significance of the Wigner function and the Husimi
function of the OTCSS is revealed completely.

2 The One- and Two-Mode Combination Squeezing Transformation Operator U

The one- and two-mode combination squeezing transformation (3) is equivalent to the fol-
lowing unitary transformation U,

01— Q/=UQ,U"'=Q coshi — Qre™"sinh A,
0: — 0, =UQ,U"' = Qscoshi — Q€ sinh A,
Py — P/ = UP, U~ = P, coshA + P,e” sinh A,

P, — P = UP,U"!= P,coshA + Pje " sinh A,

“

where U is called one- and two-mode combination squeezing transformation operator. Ac-
cordingly, under the same transformation the base vector must so behave

Ulqi1, g2) = |g1 cosh A + gre™" sinh A, gz cosh A + gre” sinh ) = |q1, ¢2)’ ®)
as to keep the eigenvalues invariant; e.g.,

(Qicoshd — Qe sinhA)|q1, ¢2) = qilq1, q2),

. , (6)
(QzcoshA — Qie"sinhL)|q1, q2) = q2lq1, 92).

Combing (5) and ff_oooo dqi1dqs|q1, ¢2){q1, g2] = 1, we identify U with the following coordi-
nate representation,

(o]
U= // dqi1dqa|qy coshd + gre™ " sinh A, g, cosh A + g1e” sinh 1) (g1, ¢ |

*© q ]|
T
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| coshA e " sinhA o\ _ B
R_|:ersinh)\ cosh A :|’ H:q2i|>=|611,%>, detR =1,

where A and r are real, U is unitary
R|:‘]l i|>< R|:Q1 ]
q2 q2

U}U:// dqlqu

3 The Wigner Function of the One- and Two-Mode Combination Squeezed State

=1=UU".

Applying the one- and two-mode combination squeezing operator U
(o)
U= // dqidqa|qi coshh + e " gy sinh A, gy cosh A + "¢y sinh 1) (g1, ¢2] ®)
—00

on the two-mode vacuum state |00), we obtain U |00), which is called the one- and two-mode
combination squeezed state (OTCSS). According to the definition of Wigner operator:

*®du u u
Alp,q) = e —Nqg—=| 9
(p.q) fmzﬂe q+2><q > ©)
we have
A(p1,q1)A(p2; q2)
du < du . u u' u u'
— lPlLl Ipou -, _ - =, — —. 10
/ ¢ /,00_2716 6]1+2£12+2><6]1 7275 (10)

Then the Wigner function of the OTCSS can be gotten through the following calculation,

Wor = (W |A(p1,q1) A(p2, ¢2) |¥r)
= (00|U" A(p1, q1) A(p2, g2)U|00)

o0
= // dq{dq;(00l|lq{, q5){g] coshi + e g) sinh A, g; cosh A + €"g] sinh A|

oo

8 /°° du ;. LU LY u u

e = _Z =
27 q1 B q1 ) q2 B 92 2
x // dqidg5\q; coshh + e g, sinh A, g5 cosh A + € ¢ sinh 1){q], ¢5]/00)

Lo %0
= s [ [ e audn ff dajda; [ [ daidasi00iat. a3 g} a3100)
T —00 —00 —00

x {g{ coshx + e™"g) sinh A, g5 cosh A + ¢ ”smh)»l‘ch + =, ¢+ 2>

d /

lpzu
oo 2

’

u
X <q1 5T |g; coshx + e™"g; sinh A, g; cosh A + €”g| sinh L), (11)
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where [y) is U]00). Substituting the orthonormal relation between the coordinate eigen-
states |q)

q'lg)=8(q" —q) (12)

into (11), we have

(Y1A(p1, q1) A(p2, @) |¥)

1 © . . ’ ©
= m//ﬂ(} erite2" dydu’ //ioodq{’a’qé’
oo ) ) 1 q//2 +q//2 q/2+q/2
><//wcdqldqz;exp<—]242 exp —%

X S(qi/ coshA + e "gy sinhA — gy — %)(S(qé’ coshA + e"g| sinhA — g, — %)

4

X 8((11 - % —gjcoshi —e"gq, sinhA)B(qz - ME —g,coshh —e"q; sinhk). (13)

After integrating over g/

.45, q1, g, respectively, we obtain the following compact result.

(001U " A(p1, 91) A(pa, g2)U|00)

1 © u? u'?
= 4n3 // d“d”,eXPl:—fthl - ZLI - qzsz — TLz +uu'Ls

+4q1g2L3 +ipu+ ipzu/}, (14)

where Ly, L, and Ly are:

L, = cosh® A + sinh? Ae?",
Ly = cosh? A + sinh? xe™?", (15)

L3 = cosh Asinh A coshr.

Then integrating (14) over u and u’, we obtain the Wigner function of the OTCSS

Wor = (00|U " A(p1, q1) A(p2. g2)U100)
1

n2/LiLy —4L2

X exp|:—

(L1p3 + Lopi +4pipaLs) — (g1 L1 + g5 Lo —4q1q2L3>].
(16)

LiL,—4L2
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4 The Marginal Distribution of Wigner Operator in the One- and Two-Mode
Combination Squeezed State

Among various phase space distributions the Wigner function is the most popularly used,
since its two marginal distributions lead to measuring probability density in coordinate space
and momentum space respectively. So we calculate the marginal distribution of Wigner
operator in the OTCSS. The marginal distribution of Wigner function in the coordinate
“q-direction” is

Wy

o0 o0
/f dprdpsWor = (00[U ! / / dpdps A(p, 40 A(pas 2)U100)
— —00

o0

1 1 o
R dpidp;
T JLiLy— 4137 o
1

(L1p5 + Lapi +4pipaLs) — (¢7Ly + g3 Ly — 441612L3)]

X ex _——
p[ LiL,—4L3

1
= ;exp[—(qlle +q22L2 —4q19:L3)]. (17

The marginal distribution of Wigner function in the coordinate *p-direction” is

W, = // dq1dgxWor = (00|U ™! // dqdg A(p1, q1) A(p2, g2)U100)
—o0 —00

1 1 o0
P e dqdq,
T L Ly — 413 e

x exp| ——————(L1p3 + Lap; +4p1p2L3) — (g1 L1 + 5 L2 — 49192 L3)
LiL,—4L}

1 1
— exp| —
ﬂL1L2—4L§ p|: L1L2—4L%

(Lip3 + Lop} +4p1p2L3)]. (18)

5 The Three-Dimensional Graphics of the Wigner Function Wyr

In order to study the Wigner function distribution of the one- and two-mode combination
squeezed state, We have plot the three-dimensional graphics of the Wigner function Wor.
For there are four variables g, pi, g2, p» in the formula of the Wigner function Wyr, we let
q>, p» take some definite value at first and study the distribution law of the Wigner function
Wor varying with the variables g;, p;. Then we let q;, p; take some definite value and study
the distribution law of the Wigner function Wy varying with the variables ¢,, p;. In the
following discussion, we also study the influence of the squeezing parameter A and the one-
and two-mode combining parameter r on the Wigner function Wor.

First let’s study the influence of the squeezing parameter A on the Wigner function dis-
tribution. In Fig. 1, we have plotted the three dimensional graphics of the Wigner func-
tion varying with the variables ¢q;, p1 (W(qi, p1)) for different value of A while » =0 and
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W(q1,p1)
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Fig. 1 The Wigner function of the OTCSS for g =0, pp =0, r = 0 and different value of the squeezing
parameter A: () A =0, (b) A=0.5,(c) A =1

¢ =0, pp=0. When A =0 and r =0, ¢, =0, p, =0 (Fig. 1(a)), the Wigner func-
tion (W(q, p1)) is a round hill located at (g, = 0, p; = 0), which is just the Wigner
function (Wy,.) of the vacuum state. When A =0, we have: Ly =L, =1, L; =0, so
Worli—o = %5 expl—p7 — i — P3 — q31 = Waac, it is a special case of the Wigner function of
the OTCSS. In the case of r =0, A # 0 (see Fig. 1(b),(c)), W(qi, p1) is the Wigner function
of the two-mode squeezed state. Because when r = 0, the one- and two-mode combination
squeezing transformation

a — a’ = acosh + sinhA(bsinhr — b’ coshr) "=’ g cosh — sinh ABT,

b — b =bcoshA + sinhA(—asinhr —a’ coshr) "=’ bcoshi — sinhAa’

become the two-mode squeezing transformation. Comparing with Fig. 1(c) and Fig. 1(b), we
find that with the increasing of the squeezing parameter A, the Wigner function is becoming
steeper. It shows that the squeezing parameter influence the distribution scope of the Wigner
function; the bigger the value of the squeezing parameter, the more narrow the distribution
scope is.

In Fig. 2, we have plotted the three dimensional graphics of the Wigner function
W(q, p1) varying with the variables ¢, p, for different value of parameter A while r =1
and ¢, =0, p, = 0. In the case of r % 0 and A # 0, W(q, p1) is the Wigner function of
the OTCSS. Comparing with Fig. 2(a) (r = 1, A = 0.5) and Fig. 1(b) (r =0, 1 =0.5), we
clearly see that the plot along g-axis direction is squeezed under the action of the one- and
two-mode combining parameter r (see Fig. 2(a)). Comparing with the three plots in Fig. 2,
we find that as the value of squeezing parameter A increasing, the squeezing degree of whole
plot get deeper. Not only the distribution scope of the Wigner function become more narrow
but also the peak value become lower.

Next let’s discuss the influence of the one- and two-mode combining parameter r on the
Wigner function distribution. In Fig. 3, we have plotted the three dimensional graphics of the
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W(q1,p1)
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Fig. 2 The Wigner function of the OTCSS for g» =0, pp =0, r = 1 and different value of the squeezing
parameters A: (@) A =0.5,(b)A=1,(c) L =2

W(q1,p1) W(q1,p1)
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0.075
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0.025

Fig. 3 The Wigner function of the OTCSS for g =0, pp =0, A = 0.8 and different value of r: (a) r = 0.6,
(b)yr=14,(c)r=2.0

Wigner function W (q;, p;) varying with the variables ¢, p, for different value of parameter
r while A = 0.8 and ¢, = 0, p, = 0. Comparing with the three plots in Fig. 3, we find that
with the increasing of the value of parameter r, the squeezing degree of the plot along g-axis
direction get deeper, while the plot along p-axis direction is not squeezed.

In Fig. 4 and Fig. 5, we study the influence of different value of ¢, and p, on the Wigner
function W(q,, p1). In Fig. 4, we can see that when we maintain the value of r, A, p,, and
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Fig. 4 The Wigner function of the OTCSS for p, =0, r =1, A = 0.5 and different value of g5: (a) go =0,
(b)) g2 =1.5,(c) g2 =25

W(q1,p1) 7(q1,p1)
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Fig. 5 The Wigner function of the OTCSS for go =0, r = 1, A = 0.5 and different value of p,: (a) pp =0,
(®) p2=0.5,(c) p=1.5

take g, =0, 1.5, 2.5 respectively, the wave crest move apart from the center and toward the
positive direction of coordinate ¢g; and the height of the hill are declining simultaneously.
In Fig. 5, we can see that when we maintain the value of r, A, ¢, and take p, =0,0.5,1.5
respectively, the wave crest moves apart from the center and toward the negative direction
of p; and the height of the hill is declining simultaneously.
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Wi(qz, p2)
0.1

0.075
0.05
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Fig. 6 The Wigner function of the OTCSS for g =0, p; =0, A = 0.8 and different value of r: (a) r = 0.6,
(b)r=14,(c)r=2.0

W (g2, p2)

Fig. 7 The Wigner function of the OTCSS for p; =0, r = 1, A = 0.5 and different value of ¢;: (a) g1 =0,
() g1 =05,(¢)q1 =15

We also plot the three dimensional graphics of the Wigner function varying with the vari-
ables g2, p2 (W(qa2, p2)), which can be seen in Fig. 6 and Fig. 7. The influence of squeezing
parameter A on the Wigner function W (q,, p») is similar with W (g, p;). The difference be-
tween W(q», p2) and W(q,, p:) lie in the squeezing direction of the plot. We clearly see that
the plot (W(q,, p»)) along p-axis direction is squeezed when r # 0 and A # 0 (see Fig. 6
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and Fig. 7), while the plot (W(q;, p1)) along g-axis direction is squeezed when r # 0 and
A # 0 (see Figs. 2, 3, 4, 5).

In Fig. 6, we have plotted the three dimensional graphics of W(g,, p») varying with the
variables ¢, p, for different value of » while A = 0.8 and ¢; =0, p; = 0. Comparing with
the three plots in Fig. 6, we find that as the value of r is increasing, the squeezing degree
of the plot along p-axis direction get deeper, while the plot along g-axis direction is not
squeezed; which is different with the evolution rule of W(q;, p;) (see Fig. 3).

In Fig. 7, we have plotted the three dimensional graphics of W(g», p») varying with the
variables ¢, p, for different value of g¢; while r =1, A =0.5, and p; = 0. We can see that
when we maintain the value of r, A, p;, and take g, =0, 0.5, 1.5 respectively, the hill move
apart from the center and toward the positive direction of coordinate ¢, and the height of the
hill is declining simultaneously. Comparing with Fig. 7 and Fig. 5, it is interesting to find
that the evolution rule of W(g», p,) under the different value of coordinate g; (see Fig. 7) is
similar with one of W(q;, p;) under the different value of momentum p, (see Fig. 5). We
can also find this same interesting phenomena in the evolution rule of W(g,, p,) under the
different value of momentum p; (which is not listed in this paper) and W (q;, p;) under the
different value of coordinate g, (see Fig. 4).

6 The Husimi Function of the One- and Two-Mode Combination Squeezed State

In one-mode case, the Husimi distribution function Fj,(q, p, k) is defined in a manner that it
is smoothing out the Wigner function F,, (g, p) by averaging over a “coarse graining” func-

tion exp[—«|q’ —q|* — #] [16], where « is the Gaussian spatial width parameter, which
is free to be chosen and which determines the relative resolution in p-space versus g-space.
In two-mode case, we have defined the entangled two-mode Husimi operator Ay (o, y; k)
by smoothing out the entangled Wigner operator A, (c’, ') by averaging over a “coarse

graining” function exp[—« |0’ — ol? — M] [17],

K

r_ 2
Ap(o,y; k) = 4/d20’d2y/A,,,(<7’, ¥ exp|:—/c|a’ —o*— u]

= |0, ¥ )uclo, V1. (19)

Now we study the Husimi function of the OTCSS(Hor) in two-mode entangled state, it
can be calculated by the following formula:

Hor = (¥14,(0, y; )|¥) = (00U~ Ay(a, ¥; ©)|U|00), (20)
where |¥) = U|00) is the OTCSS. Thus

Hor = (00[U |44 (0, y; 1)|U100) = (00|U " |o, y),, (0, ¥ [|U|00)

KK

= |¢ (o, y|U|00)*. 21)

Now let we calculate (o, y|U|00). In reference [17] we have defined the two-mode
squeezed coherent state,

|, ¥)e = $2(1/4/k) D1 (1) D2 (£2)|00), (22)
@ Springer
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where SZ(J— ) = e@@-aa) VK i¢ the two-mode squeezing operator [18-22], D;(g;) =

exp[s,a — &7a;1|0); is the displacement operator, where

_ Y/NK 4 ko oy = Y* /K — ko™
2 ’ - 2 ’

Substituting (22) and the expression of U (7) into (, (o, ¥ |U|00)), we obtain:

(23)

(0, ¥1U100) = (00| D] (61) D} (£2) S} (1//K) / / davdasld) ah) (a1 421100 (24)

where
g1 = q1coshA + gre”"sinh A, g5 = g, cosh A + g €” sinh A.
Notice
f i -1 1, 1,
(00]D; (1) D, (&2) = (&1, €21, {q1, q2100) =72 exp(—qu - 5%)
and

(25)

(26)

o0
S;(l/ﬁ) = // dqidq;|q{ coshd + g5 sinh A, g{ sinh & 4+ g5 cosh ™) (g7, g5 |,
—00

rA=1/k,
SI(1/10O1g}, g5) = |q| cosh A + g} sinh &, g| sinh A 4+ g} cosh A)

o0 1 1 1
(o, y|U00) =// dqldqzn—iexp<—5q%—5q§)

we have

x (&1, &2]|q cosh A + g5 sinh A, g| sinh & + ¢} cosh ).

Using the following formulas [23],

q2 ||2 \/_ 2
E¥ - =
(qlzy=m eXp{ 5 > + 2},
2 2 7%
(zlg)=m" 4exp{—%—ﬁ+\/_ 3 ]

we obtain

(&1, &211q] cosh A + g5 sinh A, g| sinh A + ¢} cosh )

-1 { (¢} cosh A + ¢j sinh A)?
=7 2exp|—
2
(g sinh A + g5 cosh k)z |82|
2 2

X exp{ — + «/—(q1 sinh A + g5 coshA)e} —

&l &
|;| ++/2(q cosh A + g5 sinhA)e} — - }

27

(28)

(29)

(30)
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Noting g, g, is related with ¢, and g, see (25), then
(€1, &211q] cosh A + g5 sinh A, g| sinh & + ¢} cosh )

_1 1 leal” | e
=7 29XPi—§[€]1L1+42L2]2 i +\/_[£]1L1+6]2L2]81—7

*2

'2' +2[qi Ly + gL} 1e} —gi}, 31)

1 ’
x exp{—i[qle + L) - >

where
L, =cosh®’ A + ¢ sinh>A, L,=(e™" + 1)sinhAcoshi,

L' =cosh?A+e"sinh*A, L, =(e" + 1)sinhAcoshi 32
1= ’ 2= .

Substituting (31) into (28), we have
—1 1 2 1 2 2
(o, 7|U|00) =7 dqlszeXp ——ql(1+L + L} )——42(1+L + L)
—00

— q1g2 (L1 Ly + LYLY) +~2q1 (L1} + Lhed) + V2qa(Lagt + Lie3)
B le1]> + |e2]? + &7* + 32 }

2
2 o BF L1 o B LY 1
- VA eXp[S‘ (CAl teoTa) e \ea, T e T2
BB,  LL; le1]? + |e2|?
+28’{‘8§‘<CA1 + C2>]exp<—f , (33)

where

(I+L2+LH=C, 1+LE+LP+ L3+ L2+ (L Ly — Lo L) = Ay,

12 I T / 172 / (34)
(Ly+ LoLE —LiL,L) =By, (L) +L|L>— LyL,Ly) = B,.
Thus we obtain the Husimi function of OTCSS.
Hor = |c{o. y|U|00)|?
e BZ+L2 1 N Bz+L/2 1
ex — = — = 8 — 4 = — =
|A1| P1¢ CA, C 2 CA, C 2
BB, LL,\1 5 5
2e7e5| —— - . 35
+ 8182<CA] + C expl[—(le1]” + |&217)] (35)
7 The Three-Dimensional Graphics of the Husimi Function Hyr
Considering that &, and &, are complex number, we let
Yy =ntip, o =01+i0,,
* _ % (36)
8—y/f+‘f"—x1+iy1, 82=M=X2+iyz’
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(a)

Fig. 8 The Husimi function of the OTCSS for y» =0, 05 =0, « = 1 and different value of r: (a) r = /6,
(b)yr=mn/3

where
1 ot o1 1 ot e}
X1 = — — |, = - —_— ,
1 Vi Y Y1 3 Y2 %
(37
1 ,_ o 1 ,_
X2 = ) 14! y B Y2 = ) V2 2 s
then
4 B2 L2 B2 L/2
H _ 2 22 1 ~1 2 2_ 2 2 ~-2
or AleXp[ (X y1)<—CA1 + C +2(x3 — y3) A + e
BB, L,L
+4(x1x —ylyz)( ci T C 2) —2(x%+x§)]. (38)

Now we can plot the three-dimensional graphics of the Husimi function Hpr on the
base of (38). From Fig. 8 and Fig. 9, we find that the plots of the Husimi function are
different with the plots of the Wigner function because of the influence of the term (“coarse
graining” function) exp[—«|o’ — o|* — M]. In Fig. 8 we plot the Husimi function of
the OTCSS(H (y1,01)) for y, =0,0, =0,k =1 and r = 7/6, 7 /3 respectively. Comparing
with Fig. 8(a) and (b), parameter r doesn’t influence the conformation of the figure except
the value of H(y;, 01), which is different from the Wigner function case. In Fig. 9 we plot
the Husimi function of the OTCSS(H (y,, 01)) for y» =0, 0, =0, r = 0.1 and x = 10, 1
respectively. We find that with the squeezing parameter XA increasing, the peak value of the
Husimi function of the OTCSS increase and the plot along o direction is squeezed, which
is different from the Wigner function case.

In order to study the evolution law of the Husimi function more generally, we plot the two
dimensional graphics of Hor in Fig. 10. In Fig. 10(a) we study the law of Husimi function
H (k) varying with parameter x. We find that the value of H (k) increase with the value of
k and tend to steady in the end. In Fig. 10(b) we study the law of Husimi function H (r)
varying with parameter ». We find that the value of H(r) decrease with parameter r and
tend to zero in the end.

In summary, we calculate the Wigner function and Husimi function of the OTCSS and
study their evolution law in this paper. We find that it is easy to calculate the Husimi function
by virtue of the entangled two-mode Husimi operator Ay (o, y; k) = |0, ¥ )« (0, ¥|, which

. . . . 1,02
is presented in paper [17]. Owing to the existence of the term exp[—«k|o’ — o|> — %]
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(®)

Fig. 9 The Husimi function of the OTCSS for y», =0, 0p =0, r = 0.1 and different value of «: (a) k = 10,

(b)x=1
H (k) H(r)
(a) 0.07 (b)
0.8
0.06
0.05
0.6
0.04
0.4 0.03
0.02
0.2
0.01
10 20 30 20 4 5 6

Fig. 10 a The Husimi function of the OTCSS varying with « for y; =0, 01 =0, y =0,07 =0, r =0.1.
b The Husimi function of the OTCSS varying with r for y; =0,01 =0, p =0,090 =0,k =1

in Husimi operator, the evolution law of the Husimi function is different from that of the

Wigner function.
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